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GRADED ALGEBRAS AND MULTILINEAR FORMS
Michel DUBOIS-VIOLETTE 1
Abstract
We give a description of the connected graded algebras which are
finitely generated and presented of global dimension 2 or 3 and which
are Gorenstein. These algebras are constructed from multilinear forms.
We generalize the construction by associating homogeneous algebras to
multilinear forms. The homogeneous algebras which are Koszul of finite
global dimension and which are Gorenstein are of this type.
1 Introduction
One of our aims is to study the connected graded algebras which are finitely
generated in degree 1 and finitely presented with relations of degrees ≥ 2 and
which are of low global dimension D, D = 2 and D = 3. We further impose to
these algebras to be Gorenstein. As pointed out in [5] (Proposition 5.2) such
an algebra is N -homogeneous and Koszul with N = 2 for D = 2 and N ≥ 2 for
D = 3. Our second more general objective is the study of the N -homogeneous
algebras (N ≥ 2) which are Koszul of arbitrary finite global dimension D ≥ 2
and which are Gorenstein. For D = 2, it is shown in Section 2 that these alge-
bras are classified by the nondegenerate bilinear forms modulo the action of the
linear group. For D = 3, we show in Section 3 that these algebras are classified
by an invariant subset of nondegenerate (N + 1)-linear forms satisfying a reg-
ularity condition called 3-regularity modulo the action of the linear group. In
Section 4 we introduce and study homogeneous algebras associated with multi-
linear forms. It is pointed out that the Koszul homogeneous algebras of finite
global dimension D which are Gorenstein belong to this class which generalizes
the previous results for D = 2, 3.
Throughout the paper K denotes a field which is algebraically closed, of charac-
teristic zero and all the algebras and vector spaces are over K. In the following
N,D and q denote integers greater than or equal to 2 and we use the Einstein
summation convention of repeated up down indices in the formulas. For the no-
tion of Koszulity for homogeneous algebras introduced in [3] we refer to [3] and
to [4]. For Koszul duality, Koszul N -complexes... for N -homogeneous algebras
we refer to [4]; our notations are those of [4].
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2 Global dimension D = 2
As explained in the introduction, the connected graded algebras which are
finitely generated in degree 1 and finitely presented of global dimension 2 and
which are Gorenstein are the quadratic Koszul algebras of global dimension 2
which are Gorenstein. These algebras are characterized by the following theo-
rem.
Theorem 2.1. Let B be a nondegenerate bilinear form on Kq (q ≥ 2) with
components Bµν = B(eµ, eν) in the canonical basis (eλ)λ∈{1,...,q} of K
q. Then
the quadratic algebra A generated by the elements xλ (λ ∈ {1, . . . , q}) with the
relation Bµνx
µxν = 0 is Koszul of global dimension 2 and Gorenstein. Con-
versely, any quadratic algebra generated by q elements xλ which is Koszul of
global dimension 2 and Gorenstein is of the above kind for some non degenerate
bilinear form B on Kq. Two nondegenerate bilinear forms on Kq which are on
the same GL(q,K)-orbit correspond to isomorphic algebras.
Proof. Let A be the quadratic algebra generated by the xλ with the relation
Bµνx
µxν = 0. Then the dual quadratic algebra A! is generated by elements
yλ(λ ∈ {1, . . . , q}) with relations yµyν = (1/q)BµνB
ρτyτyρ where B
µν are the
matrix elements of the inverse of the matrix (Bµν); i.e. BµλB
λν = δνµ. It follows
that A!0 = K1l ≃ K,A
!
1 = ⊕λKyλ ≃ K
q,A!2 = KB
βαyαyβ ≃ K and A
!
n = 0 for
n ≥ 3. The Koszul complex of A reads
0→ A
xtB
→ Aq
x
→ A→ 0 (1)
whereAq = (A, . . . ,A), x is right multiplication by the column (xλ) while xtB is
right multiplication by the line (xµBµν). This complex is acyclic in degrees ≥ 1
so the algebra A is Koszul. The Gorenstein property follows by transposition
and by using the invertibility of the matrix (Bµν).
Assume now that A is a quadratic algebra generated by elements xλ (λ ∈
{1, . . . , q}) which is Koszul of global dimension 2 and Gorenstein. Then the
Gorenstein property implies that the space of the quadratic relations of A is
of dimension 1, i.e. that the relations of A read Bµνx
µxν = 0 for some non
zero bilinear form B on Kq. The Koszul complex reads again as (1) and the
Gorenstein property implies that the matrix (Bµν) is invertible, i.e. that B is
nondegenerate. The fact that A does only depend on the GL(q,K)-orbit of B
is straightforward.
For q ≥ 3 the algebra has exponential growth while for q = 2 it has poly-
nomial growth so is regular in the sense of [1]. In the latter case it is easy to
classify the GL(2,K)-orbits of nondegenerate bilinear forms on K2 according to
the rank of their symmetric part [10] and one recovers the usual description of
regular algebras of global dimension 2, [12], [1].
The algebra A of Theorem 2.1 corresponds to the natural quantum space
for the action of the quantum group of the nondegenerate bilinear form defined
in [10].
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3 Global dimension D = 3
In order to state an analog of Theorem 2.1 for homogeneous algebras which are
Koszul of global dimension 3 and which are Gorenstein, we need the following
concepts for multilinear forms.
Definition 3.1. Let V be a vector space and n be an integer with n ≥ 1. A
(n + 1)-linear form W on V will be said to be preregular iff it satisfies the
following conditions (i), (ii).
(i) If X ∈ V is such that one has W (X,X1, . . . , Xn) = 0 for any X1, . . . , Xn ∈
V , then X = 0.
(ii) There is an invertible linear transformation QW ∈ GL(V ) such that one
has
W (X0, . . . , Xn−1, Xn) =W (QWXn, X0, . . . , Xn−1)
for any X0, . . . , Xn ∈ V .
Let W be a preregular (n + 1)-linear form on V . Then the QW ∈ GL(V )
such that (ii) is satisfied is unique and given any p ∈ {0, . . . , n} the condition
W (X1, . . . , Xp, X,Xp+1, . . . , Xn) = 0 for any X1, . . . , Xn ∈ V implies X = 0.
Furthermore the space of these W is stable by the action W 7→ WL of GL(V )
defined by WL(X0, . . . , Xn) = W (L
−1X0, . . . , L
−1Xn) and one has QWL =
LQWL
−1 for L ∈ GL(V ). Notice that a bilinear form is preregular iff it is
nondegenerate.
Definition 3.2. Let N be an integer with N ≥ 2. A (N + 1)-linear form W
on V will be said to be 3-regular iff it is preregular and satisfies the following
condition (iii).
(iii) If L0, L1 ∈ End(V ) are such that one has W (L0X0, X1, X2, . . . , XN ) =
W (X0, L1X1, X2, . . . , XN ) for any X0, . . . , XN ∈ V , then L0 = L1 = λ1l for
some λ ∈ K.
The subpace RN3 (V ) of all 3-regular (N +1)-linear forms on V is also stable
by the action of GL(V ).
Theorem 3.3. Let A be a N -homogeneous algebra generated by q elements xλ
which is Koszul of global dimension 3 and Gorenstein. Then there is a 3-regular
(N+1)-linear form W on Kq with components Wλ0...λN in the canonical basis of
K
q such that the relations of A read Wλλ1...λNx
λ1 · · ·xλN = 0 (λ ∈ {1, · · · , q}).
Two 3-regular (N+1)-linear forms on Kq in the same GL(q,K)-orbit correspond
to isomorphic algebras.
Proof. Given a N -homogeneous algebra A which is Koszul of global dimension
3 and Gorenstein, the Koszul resolution of the trivial left A-module K reads
0→ A⊗ (E ⊗R ∩R ⊗ E)
d
→ A⊗R
dN−1
→ A⊗ E
d
→ A→ K→ 0
and Gorenstein property implies dim(E⊗R∩R⊗E) = 1 so E⊗R∩R⊗E = KW
for some W ∈ E⊗
N+1
which (again via Gorenstein property) must satisfy con-
ditions (i) and (ii), (iii) follows from exactness at A⊗R. The fact that A does
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only depend on the GL(q,K)-orbit of W is straightforward. 
The Poincare´ series of such a N -homogeneous algebra A which is Koszul
of global dimension 3 and which is Gorenstein is given by [2], [11] PA(t) =
(1 − qt + qtN − tN+1)−1 where q = dim(A1) as before. It follows that A has
exponential growth if q +N > 5. The case q = 2 and N = 2 is impossible so it
remains the cases q = 3, N = 2 and q = 2, N = 3 for which one has polynomial
growth [1]. These latter cases are the object of [1] and one encounters there
various values of QW in GL(3,K) and in GL(2,K). Examples with N = 3 and
arbitrary values of q are the Yang-Mills algebra [7] and its deformations [9] for
which QW = 1l and the super Yang-Mills algebra and its deformations [9] for
which QW = −1l.
4 Homogeneous algebras and multilinear forms
Let m and N be two integers such that m ≥ N ≥ 2 and let W be a m-
linear form on Kq with W 6= 0. We denote by W the 1-dimensional space
of multilinear forms spanned by W and let Wλ1...λm = W (eλ1 , . . . , eλm) be
the components of W in the canonical basis (eλ)λ∈{1,...,q} of K
q. Let A =
A(W,N) be the N -homogeneous algebra generated by elements xλ with rela-
tions Wλ1...λm−Nµ1...µNx
µ1 . . . xµN = 0 (λ, λi ∈ {1, . . . , q}), A(W,N) = A(E,R)
with E = ⊕λKx
λ and R =
∑
λi
KWλ1...λm−Nµ1...µNx
µ1 ⊗ . . . ⊗ xµN ⊂ E⊗
N
.
The vector space E can be interpreted as the dual of Kq and its basis (xλ) as
the dual basis of (eλ) while W is the 1-dimensional subspace of E
⊗m spanned
by W ∈ E⊗
m
. To W ⊂ E⊗
m
we associate the family of “derived” sub-
spaces W (n) ⊂ E⊗
m−n
, m ≥ n ≥ 0, defined by W (0) = W and W (n) =∑
λi
KWλ1...λnµ1...µm−nx
µ1 ⊗ . . .⊗xµm−n for m ≥ n ≥ 1. Consider the sequence
0→Wm
d
→Wm−1
d
→ . . .
d
→W2
d
→W1
d
→W0 → 0 (2)
of free left A-modules and A-module-homomorphisms with Wn ⊂ A ⊗ E
⊗n
defined by
Wn =
{
A⊗W (m−n) ifm ≥ n ≥ N
A⊗ E⊗
n
ifN − 1 ≥ n ≥ 0
where the homomorphisms d are induced by the homomorphisms of A⊗E⊗
n+1
into A ⊗ E⊗
n
defined by a ⊗ (v0 ⊗ v1 ⊗ . . . vn) 7→ av0 ⊗ (v1 ⊗ . . . ⊗ vn) for
m > n ≥ 0, a ∈ A and vi ∈ E (= A1).
Proposition 4.1. Assume that the m-linear form W is preregular. Then Se-
quence (2) is a sub-N -complex of the Koszul N -complex K(A).
Proof. One has W (m−n) ⊂ E⊗
n−N
⊗ R for m ≥ n ≥ N . By Property (ii)
of Definition 3.1, relations Wλa...λm−Nµ1...µNx
µ1 . . . xµN = 0 are equivalent to
relations Wλr+1...λm−Nµ1...µNν1...νrx
µ1 . . . xµN = 0 for m−N ≥ r ≥ 0. It follows
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that W (m−n) ⊂ E⊗
n−N−r
⊗ R ⊗ E⊗
r
so Wn ⊂ A ⊗ ∩rE
⊗n−N−r ⊗ R ⊗ E⊗
r
=
Kn(A) for m ≥ n ≥ N and one has the result. 
In the remaining part of this section W is assumed to be preregular, QW
denotes the corresponding element of GL(q,K) = GL(E∗) and A = A(W,N) =
A(E,R) is the N -homogeneous algebra defined above. In view of the fact that
one has W ∈ ∩rE
m−N−r ⊗ R ⊗ Er = A!∗m, W composed with the canonical
projection A! → A!m on degree m defines a linear form ωW on A
!.
Proposition 4.2. Let W,A,A!, QW , ωW be as above.
(i) QW ∈ GL(E
∗) induces an automorphism σW of the N -homogeneous algebra
A!.
(ii) One has ωW (xy) = ωW (σW (y)x) for x, y ∈ A
!.
Proof. QW induces an automorphism σ˜W of degree zero of the tensor alge-
bra T (E∗). Let x˜ be in R⊥ that is x˜ = ρµ1...µN eµ1 ⊗ . . . ⊗ eµN is such that
Wλ1...λm−Nµ1...µN ρ
µ1...µN = 0, ∀λi. In view of W ◦ Q
⊗m
W = W it follows that
one has Qρ1λ1 . . .Q
ρm−N
λm−N
Wρ1...ρm−Nν1...νNQ
ν1
µ1
. . .QνNµN ρ
µ1...µN = 0 and therefore
Wλ1...λm−Nν1...νNQ
ν1
µ1
. . .QνNµN ρ
µ1...µN = 0 (∀λi) which means that σ˜W (x˜) is in
R⊥. Thus σ˜W passes to the quotient and defines an automorphism σW of A
!
which proves (i). (ii) is then obvious in view of (ii) in Definition 3.1. 
Theorem 4.3. Let A be a N -homogeneous Koszul algebra of finite global dimen-
sion D which is Gorenstein. Then A = A(W,N) for some preregular m-linear
formW on Kq, q = dim(A1) such that if N ≥ 3 then m = Np+1 and D = 2p+1
for some integer p ≥ 1, while for N = 2 one has m = D.
Proof. The Koszul resolution starts as . . .
d
→ A⊗A!∗N
dN−1
→ A⊗A1
d
→ A → K→ 0
and must end as 0→ A⊗A!∗m
d
→ A⊗A!∗m−1
dN−1
→ . . . in view of the Gorenstein
property. This implies either N = 2 and m = D or if N > 2, m = Np + 1
and D = 2p + 1 for some integer p ≥ 1. The Gorenstein property implies also
that dim(A!∗m) = 1 and dim(A
!∗
m−1) = q. Let W be a generator of A
!∗
m ⊂ A
⊗m
1 .
Identifying A∗1 with K
q, W is a m-linear form on Kq, A!∗m−1 = W
(1) and W
satisfies Condition (i) of Definition 3.1. Theorem 5.4 of [5] implies then that
A!∗n =W
(m−n) for n = Nk and n = Nk + 1, k ∈ N. So, in particular the space
of relations R = A!∗N coincides with W
(m−N) which means that A = A(W,N).
Condition (ii) of Definition 3.1 follows also (see e.g. Corollary 5.12 of [5]), so
W is preregular.
Notice that, for even global dimension, a homogeneous Koszul-Gorenstein
algebra is necessarily quadratic, (see in [5], Proposition 5.3). As example with
N = 2 and m = D = 4, consider the algebra Au of [6] and [8]. This is the
quadratic algebra generated by 4 elements xλ, λ ∈ {0, 1, 2, 3}, with relations{
cos(ϕ0 − ϕk)[x
0, xk] = i sin(ϕℓ − ϕm){x
ℓ, xm}
cos(ϕℓ − ϕm)[x
ℓ, xm] = i sin(ϕ0 − ϕk){x
0, xk}
for any cyclic permutation (k, ℓ,m) of (1,2,3) and where {A,B} = AB + BA.
This algebra is Koszul of global dimension 4 and Gorenstein whenever none
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of these six relations becomes trivial and then one has as explained in [6], the
nontrivial Hochschild cycle
W = c˜h 3
2
(Uu) = −
∑
α,β,γ,δ
ǫαβγδ cos(ϕα − ϕβ + ϕγ − ϕδ)x
α ⊗ xβ ⊗ xγ ⊗ xδ
+ i
∑
µ,ν
sin(2(ϕµ − ϕν))x
µ ⊗ xν ⊗ xµ ⊗ xν
which may be considered as a 4-linear form on K4. One checks that one has
Au = A(W, 2) and that QW = −1l here.
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